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Abstract—Spectrum sensing is a cornerstone in cognitive radio.
Covariance matrix based method has been widely used in
spectrum sensing. As is well-known that the covariance matrix
of white noise is proportional to the identity matrix which is
sparse. On the other hand, the covariance matrix of signal is
usually low-rank. Robust principal component analysis (PCA)
has been proposed recently to recover the low-rank matrix which
is corrupted by a sparse matrix with arbitrarily large magnitude
non-zero entries. In this paper, robust PCA for spectrum sensing
is proposed based on the sample covariance matrix. The received
signal will be divided into two segments. Robust PCA will
be applied to extract the low-rank matrices from the sample
covariance matrices of both segments. The primary user’s signal
is detected if the discrepancy between the recovered low-rank
matrices is smaller than a predefined threshold. The simulations
are done both on the simulated and captured DTV signal. Also,
the simulations that robust PCA is taken as a de-noising process
for sample covariance matrix are also implemented in this paper.

I. INTRODUCTION

Spectrum sensing is put forward to make more efficient use
of radio frequency spectrum in cognitive radio. Since primary
user has the priority to use the allocated spectral bands,
cognitive user (secondary user) needs to detect the availability
of radio frequency bands for possible use without occurring
interference to primary user. Some traditional techniques pro-
posed for spectrum sensing are energy detection, matched
filter detection, cyclostationary feature detection, covariance-
based detection and feature based detection [1]–[8]. Based on
the received signal, secondary user detects the primary user’s
presence or absence. When primary user is absent, the received
signal is assumed to be white Gaussian noise.

Robust PCA [9]–[11] is a new theoretical framework to
recover the low-rank matrix from grossly corrupted matrix,
that is, the low-rank matrix is corrupted by a sparse matrix with
arbitrarily large magnitude. Principal component pursuit model
[11] has been applied to solve the robust PCA problem. It has
been proved that both the low-rank matrix and sparse matrix

can be exactly recovered from their summation by principal
component pursuit under very broad conditions.

Covariance matrix based method has been tremendously
and successfully applied to spectrum sensing. The covariance
matrix of white noise which is a very sparse matrix equals
its power spectral density (PSD) multiplying an identity ma-
trix. On the other hand, the covariance matrix of signal is
usually low-rank. Assuming the signal and white noise are
independent, the covariance matrix of the received signal is
the summation of a sparse matrix and a low-rank matrix
when primary signal is present. Therefore, robust PCA can be
employed to recover the low-rank matrix and sparse matrix
from their summation.

However, in practice, only the sample covariance matrix can
be obtained. Here, robust PCA will be explored in spectrum
sensing based on the sample covariance matrix of the received
signal. Two different ways of applying robust PCA to spectrum
sensing are proposed in this paper. First, the received signal
is divided into two segments. The sample covariance matrix
for each segment is derived first and then fed to robust
PCA algorithm. The primary signal is detected whenever
the discrepancy between the recovered low-rank matrices is
smaller than a predefined threshold. Second, robust PCA is
taken as a de-nosing process for sample covariance matrix of
received unknown signal.

II. SPECTRUM SENSING MODEL

In spectrum sensing, secondary user detects the primary
signal between two hypotheses H0 and H1. H0 represents
absence of primary signal and H1 represents presence of
primary signal.

Assuming x is a d−dimensional column vector received
by secondary user. Based on the received signal, the two
hypotheses H0 and H1 are

H0 : x = n
H1 : x = s + n

(1)



in which n is zero-mean white Gaussian noise and s is the
primary signal. s and n are assumed to be independent.

The algorithm of spectrum sensing aims at maximizing
detection probability Pd at a fixed false alarm probability Pf

with low computational complexity. Pd and Pf are defined as

Pd = prob(detect H1|x = s + n)
Pf = prob(detect H1|x = n)

(2)

in which prob represents probability.
As is well-known that the covariance matrix of white noise

is σ2I, in which σ2 is the PSD of the noise. The primary
signal always lies in a low-dimensional subspace, therefore,
the covariance matrix Rs of primary signal is low-rank. Given
the condition that s and n are independent, the covariance
matrices of x are

H0 : Rx = σ2I
H1 : Rx = Rs + σ2I.

(3)

Spectrum sensing model considered in this paper is based on
the covariance matrix of the received signal (3).

III. SPECTRUM SENSING WITH ROBUST PRINCIPAL
COMPONENT ANALYSIS

In (3), the covariance matrix Rx of the received signal under
hypothesis H1 is a low-rank matrix Rs plus a sparse matrix
Rn = σ2I, where σ2 can be arbitrarily large. In this model, the
low-rank matrix is corrupted by a sparse matrix with arbitrarily
large magnitude. Can the low-rank matrix Rs be learned or
approximated from Rx?

The best-known low-rank matrix approximation algorithm
is PCA [12] which can be efficiently achieved by singular
value decomposition (SVD). However, PCA is only suitable
when the low rank matrix is corrupted with i.i.d. Gaussian
noise. When some of the entries in the low-rank matrix are
grossly corrupted, PCA algorithm will fail.

Robust PCA [9]–[11] algorithm, on the other hand, has
been proposed recently to recover the low-rank matrix which
is grossly corrupted. The low-rank matrix can be recovered by
the relaxed convex optimization model (principal component
pursuit) [11]

min
Rs,Rn

‖Rs‖∗ + γ ‖Rn‖1 , subject to Rx = Rs + Rn, (4)

in which ‖·‖∗ is the nuclear norm of the matrix, ‖·‖1 is the sum
of the absolute values of matrix entries and γ is a weighting
parameter.

Assuming Rs is a matrix with rank r , λi, i = 1, 2, · · · , r,
ui, i = 1, 2, · · · , r and vi, i = 1, 2, · · · , r are positive
singular values, left and right singular vectors of matrix Rs,
respectively.

Rs = UΛVH =

r∑
i=1

λiuiv
H
i , (5)

in which H denotes conjugate transpose. Λ is a diagonal
matrix with the ith diagonal entry λi. U and V are matrices
that the columns of each are comprised of left and right

singular vectors corresponding to non-zero singular values,
i.e., U = [u1,u2, · · · ,ur] and V = [v1,v2, · · · ,vr].

If ei is the canonical basis vector in Euclidean space, based
on SVD of the low-rank matrix Rs, an incoherence condition
[9]–[11] with parameter µ is defined as

max
i

∥∥UHei

∥∥2 ≤ µr

d
, max

i

∥∥VHei

∥∥2 ≤ µr

d
(6)

and ∥∥∥UVH
∥∥∥
∞
≤
√
µr

d2
(7)

where ‖·‖∞ is the maximum absolute value of all the entries
in the matrix.

Because Rs considered in this paper is a d × d real sym-
metric positive semi-definite matrix, the eigen-decomposition
of the low-rank matrix is feasible

Rs =

r∑
i=1

λiuiu
T
i , (8)

in which T is transpose.
A theorem based on the above two assumptions (6) (7) is

proposed and strictly proved in [11] which we quote here,
Theorem 1: [11] Assuming Rs is a d × d matrix which

follows (6) (7), and the support set of Rn is uniformly
distributed among all sets of cardinality m in which m is the
number of non-zero entries in Rn. If the rank of Rs and the
number of non-zero entries of Rn are upper-bounded by the
following two conditions,

rank(Rs) ≤ ρrdµ−1(log d)−2 (9)

and
m ≤ ρsd2, (10)

when weighting parameter γ = 1/
√
d, then the principal

component pursuit (4) can exactly recover the low-rank and
sparse matrices with probability at least 1 − cd−10 (over the
choice of support of Rn). In which c is a numerical constant,
ρr and ρs are positive numerical constants.

From the theorem, it can be seen that the low rank matrix
Rs and sparse matrix Rn can be recovered from Rx = Rs+
Rn with large probability once the assumptions in the theorem
are satisfied.

In practice, it is usually hard to obtain the covariance matrix,
therefore, the sample covariance matrix is used instead. Given
M received vectors x1,x2, · · · ,xM , the sample covariance
matrix can be calculated by

Sx =
1

M

M∑
i=1

(xi − u)(xi − u)T (11)

in which u is the mean vector.
The two hypotheses model for spectrum sensing based on

the sample covariance matrix is

H0 : Sx = Sn

H1 : Sx = Ss + Sn + Q
(12)



in which Ss and Sn are sample covariance matrices of primary
signal and noise. Q is a small disturbance term

Q =
1

M

M∑
i=1

(
(si − us)(ni − un)

T + (ni − un)(si − us)
T
)

(13)
where us and un are the mean vectors of primary signal and
white noise.

Without any priori knowledge, the received signal will
be divided into two segments of equal length. Assuming
the discrete samples of the received signal are x(n), x(n +
1), ..., x(L+n−1), x(L+n), ..., x(2L+n−1), in which 2L is
the total length of the received samples, then the two segments
of the received signal are x(n), x(n+1), ..., x(L+n−1) and
x(L+ n), x(L+ n+ 1), ..., x(2L+ n− 1), respectively. The
discrete samples for each segment will be vectorized. In the
simulation, the vectors will be derived by

x11 = (x(n), x(n+ 1), ..., x(n+ d− 1)),
x21 = (x(n+ 1), x(n+ 2), ..., x(n+ d)),
......
xM1 = (x(L+ n− d), ..., x(L+ n− 1)).

(14)

x12 = (x(n+ L), x(n+ L+ 1), ..., x(n+ L+ d− 1)),
x22 = (x(n+ L+ 1), x(n+ L+ 2), ..., x(n+ L+ d)),
......
xM2 = (x(2L+ n− d), ..., x(2L+ n− 1)).

(15)
where M = L − d + 1 is the number of vectors for each
segment.

Given the vectors of the received signal for each segment,
the sample covariance matrices can be obtained.

Sx1 =
1

M

M∑
i=1

(xi1 − u1)(xi1 − u1)
T , (16)

Sx2 =
1

M

M∑
i=1

(xi2 − u2)(xi2 − u2)
T , (17)

where u1 and u2 are the corresponding mean vectors for
x11,x21, ...,xM1 and x12,x22, ...,xM2 respectively.

The low-rank matrices recovered from Sx1 and Sx1 by
robust PCA are denoted as S̃s1 and S̃s2. Whenever the
primary signal exists in the received signal, the recovered low-
rank matrices S̃s1 and S̃s2 should be or approximate to Ss.
Consequently, the discrepancy between S̃s1 and S̃s2 should
be small when primary signal exists. The primary signal is
detected if ∥∥∥∥∥∥ S̃s1∥∥∥S̃s1

∥∥∥
F

− S̃s2∥∥∥S̃s2

∥∥∥
F

∥∥∥∥∥∥
F

< Trpca (18)

where ‖·‖F is the Frobenius norm of the matrix and Trpca
is the pre-defined threshold value. In this paper, the threshold
value is obtained from simulation in which Pf = 10%.

The inexact augmented Lagrange multiplier method (IALM)
[13] will be explored to solve principal component pursuit
model. The parameters for IALM algorithm are set identical

with the default values of the code which can be downloaded
from the website [14].

IV. EXPERIMENTS

The experimental results will be compared with leading
eigenvector detection [7]. The leading eigenvectors ρ1 and
ρ2 of Sx1 and Sx2 are derived by eigen-decomposition. The
primary signal is detected if

max
l=0,1,...,d

∣∣∣∣∣
d∑

k=1

ρ1[k]ρ2[k + l]

∣∣∣∣∣ > Tle, (19)

in which Tle is the threshold value.
Robust PCA can be taken as a de-noising tool. The re-

covered low-rank matrices S̃s1 and S̃s2 are or approximate
to the sample covariance matrix of the primary signal under
hypothesis H1. Likewise, the leading eigenvectors ρ̃1 and ρ̃2

of S̃s1 and S̃s2 are derived. The primary signal is detected if

max
l=0,1,...,d

∣∣∣∣∣
d∑

k=1

ρ̃1[k]ρ̃2[k + l]

∣∣∣∣∣ > Trpca−le, (20)

in which Trpca−le is the threshold value.
The dimension d = 32 in all the following simulations.

A. Experiments on the Simulated Sinusoidal Signal

The primary signal is assumed to be the sum of three
sinusoidal functions with unit amplitude of each. Based on
1000 Monte Carlo simulations, the detection probability with
received length 2L = 104 and 2L = 106 is shown in Fig.
1 and Fig. 2, respectively. It can be seen that robust PCA
method is slightly better than leading eigenvector detection.
The result of leading eigenvector after robust PCA as de-
noising is comparable with that of leading eigenvector.
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Robust PCA

Leading eigenvector after robust PCA as de−noising

Leading eigenvector

Fig. 1. The detection probability with Pf = 10% for the simulated signal

The calculated threshold values with Pf = 10% are shown
in Fig. 3. The threshold values are normalized by dividing
the corresponding maximal values in Trpca, Tle and Trpca−le,
respectively. The threshold value assigned for robust PCA
method is more stable than the other two methods.
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Robust PCA

Leading eigenvector after robust PCA as de−noising

Leading eigenvector

Fig. 2. The detection probability with Pf = 10% for the simulated signal
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Fig. 3. Normalized threshold values

B. Experiments on Captured DTV Signal

DTV signal [15] captured in Washington D.C. will be em-
ployed to the experiment of spectrum sensing in this section.
The length of the received signal is 2L = 106. Based on 500
Monte Carlo simulations, the detection probability is shown
in Fig. 4 with false alarm probability 10%. The results of all
the three methods are comparable. The normalized threshold
values with Pf = 10% are shown in Fig. 5.

V. CONCLUSION

The problem of spectrum sensing with robust PCA is
addressed in this paper. The simulations are done based on
the simulated and DTV signal. From the simulation results it
can be seen that the performance of spectrum sensing with
robust PCA can be at worst comparable with the performance
of leading eigenvector detection. Besides, the derived threshold
value for robust PCA is more stable than that for leading
eigenvector detection.

The discrepancy of the recovered low-rank matrix of two
segments is measured based on the Frobenius norm. In theory,
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Robust PCA

Leading eigenvector after robust PCA as de−noising
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Fig. 4. The detection probability with Pf = 10% for DTV signal
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Fig. 5. Normalized threshold values

any other norms of the matrix should work as well as the
Frobenius norm.
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